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Abstract

The observed twisting of crystals about the growth direction in spherulites is modeled as a response to fields generated during the crystal

growth process. These fields can be compositional or mechanical. In either case, the high local field value in the melt near the interface acts to

reduce the growth velocity. Twisting of the crystal about the growth direction places all portions of the growth surface in contact with melt of

lower field value than would be the case for untwisted growth, thereby increasing the growth velocity. The effect of a compositional field is

analyzed here, using an extension of the moving point source to compute the composition in the melt ahead of a twisting crystal. The

retarding effect of the elastic twisting of the crystal is included in the analysis. Simulations using parameters for a crystal-

lizable/uncrystallizable polyethylene blend are carried out for a crystal with thin, rectangular cross-section. The results are quantitatively and

qualitatively consistent with observation. Comments on simplifications within and implications of the model are given.

q 2002 Published by Elsevier Science Ltd.

Keywords: Crystallization; Banding; Crystal twisting

1. Introduction

1.1. Background on twisted crystals

The twisting of fibrillar crystals about their growth

directions is a relatively common feature, for both organic

and inorganic materials grown from the melt [1,2]. Bernauer

lists 136 organic compounds in which twisted crystals were

known to him in 1929 [1]. All crystal systems, except cubic,

are represented in this list. In spherulitic polymeric systems,

crystal twisting manifests itself, under crossed polarizers, as

regular radial banding within the spherulite [3–6]. Radial

banding and crystal twisting are pervasive in polymer

systems.

In the present work, we examine the premise that fields

which are self-induced during crystallization may play a

role in inducing crystals to twist during crystallization. The

model is made quantitative and the absolute magnitude of

the induced twist is predicted. The self-induced field effect

may operate in conjunction with other effects which are

known empirically to play a role in crystal twisting.

We begin by examining extant models of crystal twisting

and contrast these against the self-induced field model. The

following is a summary of some of the models put forward

to explain twisting.

(1) Surface stresses within the crystals. Lehmann had

suggested in 1888 [7] that the twisting of ribbonlike crystals

is associated with surface stresses. Noting that lattice

parameters at the surfaces of a crystal are generally dilated

with respect to the core, Yoffe in 1944 [8] suggested that the

stresses associated with such a gradient in lattice parameter

could be reduced by twisting of thin, lathlike crystals. Since

such twisting is not universally observed in lathlike

crystallization, the dilatation near the surface would need

to exceed some critical value in order to force the crystal to

twist. Hoffman and Lauritzen later suggested that bulky

chain-folds at the surfaces of lathlike polymer crystals

would provide the stresses needed to force twisting [9].

Bassett and coworkers have extended this concept. They

have found that in polyethylene, twisting is associated with

an S-shaped cross-section of the crystals [10,11]. They

suggest that the S shape arises from surface stresses and that

these stresses develop after crystallization, as internal

rearrangements occur, to regularize initially irregular

folding [12,13]. Lotz et al. [14] have recently demonstrated

that differences in fold structure on opposite faces of

crystals of the g form of poly(vinylidene fluoride) produce

sufficient stress to induce the crystals to scroll about the

growth axis (the b-axis) (2) Surface stresses induced by the

surrounding melt or intervening amorphous layer. Keith
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and Padden [15–17] propose that the melt immediately

ahead of growing lamella produces compressive and

dilatational stresses on opposite faces of the lamella,

provided that the growth face is not normal to the growth

direction (nonorthogonality of growth plane and growth

direction is known to apply to polyethylene and many other

polymers). These asymmetrical stresses derive from a

geometrical condition: that on average, chain segments in

a coiled molecule lie farther from the obtuse edge of the

growing crystal than from the acute edge. Bassett and

coworkers, on the other hand, suggest that pressure from

cilia trapped between the faces of adjacent lamellae, near

giant screw dislocations, plays a major role [18–20]. Keith

et al. [21] have demonstrated that the sense of twisting in

polyethylene crystals grown from a thin film melt correlate

to the direction of chain tilt, qualitatively as predicted by

Keith and Padden [15–17].

(3) Queues of giant screw dislocations. A screw

dislocation has associated with it a lattice twist about the

axis of the dislocation [22]. From this, it can be seen that

associated with a queue of isochiral dislocations is a twist

about the axis of the queue. Kinloch and Schultz [23] and

Bassett [12,13,18–20] have proposed the creation of queues

of giant screw dislocations (dislocations whose Burgers’

vector has the magnitude of the crystal thickness) as the

source of twist in lathlike polymer crystals. Kinloch and

Schultz showed that thermal energy should be sufficient for

the creation of the dislocations, whereas Bassett proposed

causation via stresses from the amorphous layers interven-

ing between crystallites.

(4) Surface stresses promoted by ‘impurities’. Noting

that in polymer systems, the ‘impurity’ can refer to

differences in molecular weight or in the defect level of

the chains, one of the oldest proposals for the source of

lamellar twist considers a microscopic picture of crystal-

lization in systems with crystallizable and noncrystallizable

moieties [2]. The kinetics of such crystallization require

redistribution of species on a micro- or nano-scale [24], a

process which promotes cellular or dendritic growth. Here

cellulation refers to the very local partitioning of the

impurity lateral to the growth direction, such that the cells of

relatively pure crystallized material are separated from each

other by regions of lower purity. Growing fibrillar polymer

crystals or bundles of crystals could also experience such

cellulation (driven, as in all systems, by the more rapid

crystallization of the relatively pure material at the core of

the cell). Keith and Padden suggested that the surfaces of a

lathlike crystal (or perhaps a bundle of crystals) could

contain high concentrations of defective molecules. The

accompanying dilatation of those surfaces could then be

high enough to cause twisting to ensue, thereby reducing the

level of strain energy [2]. (Their later work has not

continued this suggestion.)

(5) Escape from impurity concentrations. In general,

uncrystallizable material rejected by a growing lath exists in

high concentrations near the growing interface and slows

the growth. Any means by which the growth surface may

reposition itself so as to encounter lower concentrations

would increase the growth and would be adopted (providing

the means of doing so is not too energetically expensive). In

a recent paper, Abo el Maaty and Bassett comment that “a

change in azimuth around the radial growth direction would

enable growth to move into regions of lower segregant

concentration than would otherwise be the case” [25]. Since

they see little evidence for twisting of individual crystals in

the polyethylene they have studied, they suggest that the

effective twisting into lower concentrations occurs via

branching into or creation of crystals with new azimuths.

Each of the above models is grounded in either solid

morphological evidence or in scientific reasonableness.

Further, it appears very likely that mechanisms based on

surface tractions due to anisotropic surface stresses

contribute to or control crystal twisting in polymers.

Nevertheless, the models should be reconsidered for the

following reasons:

1. None of the models is quantitative. It is not obvious

whether or not the magnitude of the proposed effects is

sufficient to overcome elastic constraints and to cause

twisting at the levels observed.

2. Most models relate to features specific to polymers or

even to specific polymers. It is possible that there is a

more generic basis for twisting in the many, diverse

systems in which it is observed.

3. None of the models account for the resistive effect of

stored elastic energy in the twisted crystals.

4. The extant models are all based on equilibrium.

However, crystal morphologies and supermolecular

organization develop more often in response to kinetic

conditions. The present model represents crystal

twisting as a kinetic response.

To set the context of the present work, Keith and Padden

pointed out, over 40 years ago, that crystal twisting occurs

only in systems of high viscosity, and that the level of

impurity of the system may be important [2]. In this

manuscript, we explore the possibility that escape from

fields self-generated during crystallization (aligned with

explanation 5, above) could provide such a basis. We

present a quantitative model, and show that the effect is

sufficient to produce crystal twisting at the observed level in

polyethylene. The model is more general than the existing

ones and includes the important elastic resistance. The

results demonstrate that fields induced during dynamic

crystallization can be of sufficient magnitude to induce

twisting, but not necessarily that this will be the sole or

controlling effect in each system. In fact, as will be seen in

Section 4, some other mechanism-such as plastic shearing

or dislocation generation-is necessary to cause retention of

the twist and to direct the handedness of the twist.
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1.2. Background on self-generated fields

As materials crystallize, they can, and normally do,

generate fields in the melt near the growing surface [26].

The fields can be thermal (resulting from the heat of fusion),

mechanical (resulting from different densities in crystal and

melt, coupled to the difficulty of relaxation of the melt), and

compositional (resulting from the exclusion of poorly

crystallizable or noncrystallizable moieties (impurities)

from the crystal). Each of these types of fields normally

acts to reduce the velocity of growth. Sometimes rearrange-

ment of its growth pattern allows the growth surface to

contact lower values of temperature, stress or impurity

concentration. For, instance, a sharp protuberance of the

growth front into the melt will encounter a lower magnitude

of whichever field is inhibiting its growth. In this case, the

surface can become unstable to such protuberances and the

breakdown of the growth front into dendrites or fibrils will

ensue. Such physics has long been understood to be

important in the crystallization of small molecule systems

([24] for an overview). Keith and Padden [27–29] were the

first to recognize that when the magnitude and gradient of

the field are large and localized near the growth front, the

field can be decisive in defining the morphology of a

spherulitic polymer system. Subsequent work by Keith and

Padden [30–32], as well as by Calvert [33], Goldenfeld [34,

35] and Schultz [36] has further developed this concept for

explaining the size and spacing of growth arms (bundles)

within polymer spherulites. Rather recent work has sought

to quantitatively model the effects of compositional fields

on the dimensions of growth arms [37], the breakdown of

spherulitic fronts [38], the apportionment of impurities

between crystallites or between growth arms [39], and the

kinetics of spherulitic crystallization in polymer systems

[40–42].

The present work explores the possibility that crystal

twisting may occur as a response to fields ahead of the

growing surface. Of the three possible types of fields which

can, in principle, foster such a response, thermal fields can

be ruled out immediately, since their diffusion distance is

very large; i.e. in the time-frame for crystallization, the

liberated heat of fusion has diffused away so rapidly that the

temperature at the interface is little different from that of

the far-field melt [36]. Schematically, the concept is

illustrated in Fig. 1. Here, viewing a lathlike crystal (or

bundle of laths) along the growth axis, the field is

represented by the thin contour lines (Fig. 1(a)). If the

crystal were to grow at steady state without twisting, it

would always encounter the field exactly as shown. By

twisting, the crystal (or bundle of crystals) moves the

growth face into regions of lower field values (Fig. 1(b)). By

doing so, its growth velocity is increased and the process

will occur spontaneously, provided that the elastic energy

stored in the twisted crystal is not too great. That elastic

energy increases the free energy of the crystal, thereby

lowering the undercooling and decreasing the driving force.

In order for twisting to occur, this decrease in undercooling

must affect the growth velocity less than does the

concentration effect.

The scope of the present work is to examine quantita-

tively the possibility that a field in the melt can exert

sufficient influence to overcome the elastic resistance and

can induce continuous twisting into the growing crystal. For

the sake of convenience, we shall deal in the analysis only

with compositional fields, acknowledging, however, that it

is only through a stress field that field-driven twisting may

occur in relatively pure material. Furthermore, only

continuous twisting of long, lathlike crystals is considered.

Before proceeding, a comment on discontinuous twist is in

order. Bassett and coworkers have shown that in at least some

polymer systems, the macroscopically observable twisting

occurs through the relaying of changes in the orientation of the

growth face about the growth direction from one short crystal

to another along the spherulite radius, each individual short

crystal having itself little or no internal twist [11,13]. (There

are other observations of large twist in otherwise similar

crystals [43–45]. While these observations show that

Bassett’s observations are not completely general, they do

not obviate the correctness of those observations.) The present

work thus examines a worst-case scenario, in which the

crystals contain the maximum degree of elastic strain. For the

discontinuous twist case, there would be no or little elastic

hindrance to twisting. As the worst-case model, the present

analysis should adequately assess the appropriateness of the

solute-field model.

2. Analytical method

2.1. Scheme of the analysis

The overall concept, again, is that by twisting as it grows,

Fig. 1. Schematic of field contours about the growth surface of a lathlike

crystal: (a) crystal before twisting, (b) crystal growth surface before and

after twisting about the growth axis.
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the growth surface of a lathlike crystal (or a stack of laths)

encounters a lower concentration of poorly crystallizable

species than it would if no twist were in effect. Because of

the higher concentration of crystallizable species at the

growing interface, the growth velocity will be higher than

were there no twist. Countering this effect is the elastic

energy associated with the twist, stored in the crystal. This

elastic energy raises the free energy of the crystal and

thereby depresses the melting point, by an amount dTmðuÞ;

where u is the twist, in rad/cm. The melting temperature

depression, in turn, lowers the undercooling for isothermal

crystallization at a given temperature T. In general, the

crystallization velocity is given by Ref. [26]

VðT ; uÞ ¼ AðTÞ½1 2 X1 2 XðT ; uÞ�

exp 2
BðTÞ

TðTm 2 TÞ

� �� �
ð1Þ

where AðTÞ contains a mobility term; X1 is the far-field

mole fraction of poorly crystallizing material; XðT ; uÞ is the

additional mole fraction of those species at the interface,

due to rejection by the growing crystal; Tm is the actual

melting point for the crystal near the growth surface; and

BðTÞ is a Hoffman–Lauritzen term [46] of the form

BðTÞ ¼
lb1Tmssse

kBTDhf

ð2Þ

where l is a constant of order unity, b1 is the interchain

spacing in the growth direction, Tm is the melting point of

the twisted crystal, ss is the surface energy of the growth

face, se is the surface energy of the broad surfaces of the

lathlike crystal, kB is Boltzmann’s constant, and Dhf is the

enthalpy of fusion.

Changes in concentration near the growth surface can

affect several of the parameters above, most importantly,

AðTÞ; Tm, and Dhf. However, we wish to keep this problem

as simple as possible. For very similar crystallizable and

poorly crystallizable species (e.g. chains of similar chem-

istry but different tacticity, defect concentration, or

molecular mass) there will be little change in Tm and Dhf

and only molecular mass would markedly affect AðTÞ: In the

following, we shall assume such a blend: one in which the

concentration of poorly crystallizable species at the front

affects the growth velocity only through the ½1 2 X1 2

XðT ; uÞ� term, which represents the dilution of crystallizable

species in the melt near the growth front.

The stored elastic energy of twisting affects the crystal-

lization velocity by depression of the melting point below

that of an untwisted crystal. We can write for Tm then

Tm ¼ Tp
m 2 dTe ð3Þ

where Tp
m is the melting temperature of an untwisted crystal

and dTe is the melting point depression due to twisting.

What is needed now, is to obtain a Fickian solution for

the concentration cðT ; uÞ of poorly crystallizable species and

an elastic energy expression for dTe: Once these are found,

we may seek the value of u which maximizes the growth

velocity.

2.2. Concentration field about a crystallizing front of a

lathlike crystal

The inspiration for the method used here was provided by

earlier work by Keith and Padden [32], wherein they utilized

the point source of diffusion analysis to study the

compositional field near a growing thin lath. The present

analysis extends the moving point source and moving line

source analyses given by Carslaw and Jaeger [47] to a

crystal which twists about its growth axis during growth.

While their analysis is for diffusive heat dissipation, it is

transposed here for the solute case. Consider a point source

of solute moving at velocity V parallel to the x-axis. This

source emits q grams of solute per second. In the usual

moving point source problem, the source is actually

maintained fixed at x; y; z ¼ 0 and a volume element

which is at x; y; z at time t has moved to that point from

elsewhere along the x-axis, i.e. the point which is at x; y; z at

t has moved there from ½x 2 Vðt 2 t0Þ�; y; z; where it was at

time t0. In the time interval dt0, q dt0 grams of solute are

deposited at the origin. The increment of solute concen-

tration (g/cm3) at x; y; z at time t for solute which

accumulated in the time interval dt0 at the volume element

which initially was at ½x 2 Vðt 2 t0Þ�; y; z is

dc ¼
q dt0

8½pDðTÞðt 2 t0Þ�3=2

exp 2
½x 2 Vðt 2 t0Þ�2 þ y2 þ z2

4DðTÞðt 2 t0Þ

( )
ð4Þ

where DðTÞ is the diffusivity of the solute in the host

polymer. And the total solute buildup at x; y; z from 0 to t is

cðtÞ ¼
q

8½pDðTÞ�3=2

ðt

0

exp 2
x 2 Vðt 2 t0Þ
� 	2

þy2 þ z2

4DðTÞðt 2 t0Þ

( )

ðt 2 t0Þ3=2
dt0

ð5Þ

Since we are ultimately dealing with a crystal which twists

about x as it grows, and since we are analytically holding the

growth surface fixed and moving the medium past it, we

need to move each point of the medium in a helical path.

Thus a volume element which is at x; y; z at time t was at

x 2 Vðt 2 t0Þ; y cos½2pVuðt 2 t0Þ� þ z sin½2pVuðt 2 t0Þ�; y

sin½2pVuðt 2 t0Þ� þ z cos½2pVuðt 2 t0Þ�

at time t0. Defining

y0ðu; t 2 t0Þ ¼ y cos½2pVuðt 2 t0Þ� þ z sin½2pVuðt 2 t0Þ�;

z0ðu; t 2 t0Þ ¼ y sin½2pVuðt 2 t0Þ� þ z cos½2pVuðt 2 t0Þ�

ð6Þ
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c(t) becomes

cðtÞ ¼
q

8½pDðTÞ�3=2

ðt

0

exp 2
½x 2 Vðt 2 t0Þ�2 þ y0 2 þ z0 2

4DðTÞðt 2 t0Þ

( )

ðt 2 t0Þ3=2
dt0

ð7Þ

Now let the moving source be the entire rectangular face of

a lathlike crystal, with width 2Y and thickness 2Z, these

dimensions parallel to the y- and z-directions, respectively.

Here y and z are along the width and thickness, respectively,

of the growth face. Now each point within that surface acts

as a point source, each emitting solute at the same rate.

Integrating the effects of the continuous point sources of

strength q0 g/cm2 s over the growth surface, we now have

where u ¼ t 2 t0

Steady state is represented by t ! 1. The concentration

Cðx; y; zÞ (in g/cm3) at position x; y; z at steady state is then

and the mole fraction at that position is

XðT ; uÞ ¼
Mb

rbMs

Cðx; y; zÞ ð10Þ

where rb is the density of the blend, Mb the mean molecular

mass of the blend and Ms the molecular mass of the ‘solute’.

For a system in which the concentrations of components

which are difficult to crystallize are given as cs in the

crystallizing body and c1 in the far-field melt, q0 is

q0 ¼ ðc1 2 csÞV ð11Þ

Thus the point-by-point concentration of poorly crystal-

lizable species in the melt is given by Eq. (9), where the

effect of crystal twisting is contained in the expressions for

y0 and z0 Eq. (6) and q0 is given by Eq. (11). In the analysis, cs

is taken as 0, a reasonable situation for polymers.

2.3. Stored elastic energy for a twisting lathlike crystal

We expect that the concentration of poorly crystallizable

species in front of a growing lathlike crystal will decrease

continuously with the degree of twist. Were there no

inhibition to such twisting, we would expect then that a

growing crystal would twist to the maximum possible

extent, in order to maintain the greatest concentration of

crystallizable species at its growth front. In reality, however,

twisting results in elastic energy being stored in the crystal.

This elastic energy per unit volume DWe must depress the

melting point of the material by an amount

dTm ¼
DWe

DHf

T0
m ð12Þ

where DHf is the heat of fusion and Tm
0 is the melting point

of an infinitely large, perfect crystal.

An expression for DWe is found as follows. In general,

the torque T necessary to maintain a twist of u rad/cm is

given by Ref. [48]

T ¼ GJu ð13Þ

where G is the shear modulus and J is the torsional constant.

For a thin lath of rectangular cross-section [48],

J ¼ 16YZ3 1
3
2

64

p5

Z

Y
tan h

pY

2Z


 �
ð14Þ

where 2Y and 2Z are, respectively, the width and thickness

of the growing lath. If Y @ Z, then

J ø
16YZ3

3
ð15Þ

The torque is the product of a force couple and the radial

distance r at which it acts. Thus the force F acting to twist

the bar is given by F ¼ T=r: Likewise, the work DW 0
e

necessary to twist the lath is given by the force acting

multiplied by the distance twisted. For the force F acting at

r, then,

DW 0
e ¼ FðruÞ ¼

T

r
ru ¼ GJu2L ð16Þ

c0ðtÞ ¼
q0

8½pDðTÞ�3=2

ðZ

2Z

ðY

2Y

ðt

0

exp 2
½x 2 Vðt 2 t0Þ�2 þ ðy0 2 YÞ2 þ ðz0 2 ZÞ2

4DðTÞðt 2 t0Þ

( )

ðt 2 t0Þ3=2
dt0 dy dz

¼
q0

8½pDðTÞ�3=2

ðZ

2Z

ðY

2Y

ð0

t

exp 2
½x 2 VðuÞ�2 þ ðy0 2 YÞ2 þ ðz0 2 ZÞ2

4DðTÞðuÞ

( )

u3=2
du dy dz ð8Þ

Cðx; y; zÞ ¼
q0

8½pDðTÞ�3=2

ðZ

2Z

ðY

2Y

ð0

1

exp 2
½x 2 VðuÞ�2 þ ðy0 2 YÞ2 þ ðz0 2 ZÞ2

4DðTÞðuÞ

( )

u3=2
du dy dz ð9Þ
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where L is the length of the crystal along the growth

direction (along x ). Per unit volume,

DWe ¼
DW 0

e

V
¼

GJu2L

4abL
¼

GJu2

4ab
¼

4a2Gu2

3
ð17Þ

where V is the volume of the crystal.

Finally, the melting point depression due to crystal

twisting is

dTm ¼
4a2Gu2T0

m

3DHf

ð18Þ

2.4. Implementation

We seek to find the dependence of the growth velocity

VðT ; uÞ on the twist u at some crystallization temperature T.

We then seek the value of u which will maximize VðT ; uÞ;

and take this as the operating condition. The problem then

amounts to solving Eq. (1), using reasonable values of the

parameters contained.

We take moderately branched polyethylene as a model,

in order to use a material whose thermodynamic parameters

are well known and whose growth velocities are accessible.

The following values are used:

l ¼ 2

b1 ¼ 4:15 £ 1028 cm

T0
m ¼ 418 K

ssse ¼ 1:280 £ 103 erg2
=cm2

9>>>>>=
>>>>>;

ðfrom Ref: ½46�Þ

G ¼ 1:98 £ 1010dyne=cm2 ðfrom Ref: ½49�Þ

Additionally, a temperature of 393 K has been chosen and

we work with a single lathlike crystal with Y ¼ 1.0 £ 1024

and Z ¼ 1.25 £ 1026 cm.

We monitor the melt at a position a few chain stems from

the growth surface, x ¼ 1.0 nm, and at y- and z-positions

500 and 10 nm, respectively,—a position laterally halfway

from the centerline to the edge of the lath and heightwise

somewhat below the top surface, as sketched in Fig. 2.

3. Results

The growth velocity Eq. (1) can be rewritten as

VðT ; uÞ ¼ AðTÞ{1 2 X1 2 X½VðTÞ; u�}EðuÞ ð19Þ

where

EðuÞ ¼ exp 2
BðTÞ

TðTp
m 2 dTm 2 TÞ

� �� �

¼ exp 2
BðTÞ

T Tp
m 2

4a2Gu2T0
m

3DHf

2 T

 !
2
66664

3
77775

8>>>><
>>>>:

9>>>>=
>>>>;

ð20Þ

We note that EðuÞ; which contains the elastic, retarding term

dTm is independent of the velocity of the crystallization

front, whereas the concentration term is dependent on both

the velocity VðTÞ and the twist u.

Let us first examine the behavior of EðuÞ: Using the

values given above for the several parameters, the behavior

shown in Fig. 3 is found. What is observed is that there is

little effect until a twist of nearly 5 £ 105 rad/cm, after

which this factor rapidly decreases to a very small value by

u ¼ 6.5 £ 105. Before u ¼ 5 £ 105, EðuÞ shows a very small

downward slope.

We now examine the behavior of the composition term,

AðTÞ{1 2 X1 2 X½VðTÞ; u}�; for diffusivity values of

1 £ 10211 and 1 £ 10210 cm2/s, corresponding to molecular

masses of some 200,000 and 80,000–100,000, respectively

([50; Fig. 2]). We solve here for u at each value of V, using

Eqs. (6), and (9–11). The results are shown in Fig. 4. Plotted

here is the composition-dependent factor ð1=EðuÞÞV =V0 of

the normalized velocity, V=V0; versus twist angle, where V0

is the value of the velocity if there were no solute buildup at

the crystallization front. In both cases, the velocity increases

gradually toward an asymptote, as one would qualitatively

expect. For a diffusivity of 1 £ 10211, the asymptote is near

V =V0 ¼ 0:63 and is approached closely at a twist of some

Fig. 3. The elastic factor, EðuÞ; of the growth velocity plotted against the

twist u.

Fig. 2. Sketch of the position of the point at which computations are carried

out.
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12,000 rad/cm, while for D ¼ 1 £ 10210, the asymptotic

value is near 0.90 and is closely approached at a twist of

2500 rad/cm. For the higher diffusivity, the normalized

velocity is high even at u ¼ 0, because the high diffusivity

has already reduced the solute concentration near the

interface. On the other hand, the growth velocity at the

lower diffusivity is quite low at u ¼ 0, because a substantial

solute concentration is trapped near the interface. More

quantitatively, we examine the diffusion length, d ¼ D=V ; a

measure of the extent of the compositional field. At

D ¼ 1 £ 10211 cm2/s, d is approximately 1 nm, while at

D ¼ 1 £ 10210 cm2/s, d is approximately 10 nm. For the

lower diffusivity, the measurement point lies well within the

field in which the concentration is rapidly changing, while at

the higher diffusivity, the measurement point is much nearer

to the interface than to the diffusion length, and the

concentration has dropped little from the value at the

interface. Note that for D ¼ 1 £ 10212 cm2/s, the diffusion

length would be subatomic, some 0.1 nm, and the

measurement point would lie beyond the concentration

field. Thus twisting would have no effect on growth velocity

and our computations (not shown) demonstrate this to be the

case.

When concentration and elastic effects are combined, the

results are as shown in Fig. 5 for the two diffusivities given

above. We see that for both cases the normalized velocity rises

rapidly to a critical point, beyond which the value decreases

slowly to the twist range at which elastic energy dictates a

rapid drop. The operating point of maximum velocity occurs

near u ¼ 12,000 rad/cm for D ¼ 1 £ 10211 cm2/s and near

u ¼ 2500 rad/cm for D ¼ 1 £ 10210 cm2/s. These twists

correspond to spherulite band spacings of 2.6 and 12.6 mm,

respectively.

Algebraically (and physically) one expects that the effect

of increasing the intrinsic growth velocity (A ) should be

inverse to the effect of decreasing the diffusivity, but the

dependences of the growth velocity on A and D are actually

somewhat different. Thus it is useful to also explore the

effect of the intrinsic growth velocity V0 on the computed

normalized velocity V =V0 Fig. 6 shows the effect of two

different values of V0 on the composition-dependent term,

V =ðEðuÞV0Þ of the normalized growth velocity. We see that

increasing the intrinsic growth velocity has the effects of (a)

lowering the level of the asymptotic growth velocity and (b)

moving the approach to the asymptote to a higher twist

level. Increasing the intrinsic growth velocity much above

1 £ 1024 places the diffusion length below atomic dimen-

sion and gives no formal solution to the velocity expression.

4. Discussion

The simulations above, as rough as they are, show the

correct quantitative and qualitative trends. Quantitatively,

the results in Figs. 5 and 6 are in line with experimental

results for blends of high- and low-density polyethylenes.

For 50/50 blends of high-density polyethylene with

Mw ¼ 41,000 (comparable to the present results for

D ¼ 1 £ 10211 cm2/s) and linear low density polyethylene

(which crystallizes very slowly and here acts as the solute),

the intrinsic velocity chosen for the computations corre-

sponds to a crystallization temperature of approximately

115 8C. For this blend, band spacings for the blend are

significantly smaller than for the homopolymer (which is

already polydisperse) and band spacings are near 1.7 mm

for the homopolymer and 1.3 mm for the blend after

Fig. 5. The growth velocity VðT ; uÞ=V0 versus u, for D ¼ 1 £ 10211 and

1 £ 10210 cm2/s.

Fig. 6. The composition-dependent factor, 1=½EðuÞVðTÞ=V0�, of the

normalized growth velocity plotted against the twist u, for V0 ¼ 1 £ 1025

and 1 £ 1024 cm/s.

Fig. 4. The composition-dependent factor, 1=½EðuÞVðTÞ=V0�, of the

normalized growth velocity plotted against the twist u, for

D ¼ 1 £ 10211 and 1 £ 10210 cm2/s.
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crystallization at 110 8C [44]. The predicted band spacing

for a somewhat higher molecular mass is 2.6 mm and would

be smaller for the lower molecular weight material of the

experiment. The computation appears to give the right

magnitude for the band spacing. In general, one experimen-

tally finds band spacings qualitatively to increase with

crystallization temperature and to decrease with molecular

mass. These qualitative results are also shown in the

simulation. In Fig. 5, it is seen that the twist increases as the

diffusivity is increased. Since diffusivity decreases with

molecular mass, this result correctly predicts the band

spacing to decrease with molecular mass. In Fig. 6, the twist

increases with increasing intrinsic growth velocity. Since

growth velocity increases strongly with undercooling, this

result correctly predicts the band spacing to increase with

crystallization temperature. The model is not sufficiently

highly developed to say more than this: that the band

spacing is placed in the right quantitative range and that the

qualitative trends of band spacing with temperature and

molecular weight are correct.

There are several extrapolative comments to be made.

These are:

1. The model is based on the twist of the lath being

accommodated by homogeneous elastic stresses. If no

mechanism exists to maintain the twist after the crystal-

lization front passes, the crystal should revert to an

untwisted state. Several possibilities for maintaining the

twisted state exist: (a) irreversible shearing of the chains, as

in the models of Bassett and Hodge [10,11] or Keith and

Padden [15–17], (b) creation of giant screw dislocations, or

(c) geometrical constraint from surrounding crystals. The

first two of these possibilities amount to the transformation

of elastic to plastic strain. The shearing mechanism would

cohere to the experimental findings reviewed in Section 1.

In this context, the role of anisotropic surface stress would

be to direct the handedness of the twisting and to lock in the

deformation. The possibility of constraint by adjacent

crystals is also possible, since the growing crystal is not

fully disassociated from the adjacent crystals to which it is

attached by tie chains and giant screw dislocations. A final

possibility is that the macroscopically observed twisting is

not an actual twisting of crystals, but rather a cumulative

change in the azimuth of short crystals. It is not yet possible

to sort among these alternatives. Nevertheless, the totally

elastic approach used here is the worst-case solution and

indicates that even in this scenario, rotation of the growth

face about the growth axis gives increases in growth

velocity sufficient to produce macroscopic twist and

banding in spherulites.

2. In the above analysis, it has been assumed that the

ribbon’s cross-section is not curved, whereas Bassett and

coworkers report S-shaped cross-sections for primary

crystallites in banded polyethylenes. The uncurved cross-

section was assumed above, to simplify the computation and

to test whether the predicted result satisfies the basic tests of

comparison to experiment. But now consider what would

happen if the cross-section could reconfigure its shape. The

growth surface should protrude as far out of the high

concentration regions as possible. This could be facilitated

if the ends of the cross-section were to bend into the

direction of twist, as sketched in Fig. 7. In this way, the S-

shaped cross-sections will grow faster than would uncurved

cross-sections. And the direction of the S-acting as if it were

a scoop for the melt it encounters as it twists-is as observed

[11]. In this scenario, U-shaped crystal cross-sections would

be a priori as likely as would S-shaped sections. The

selection of S over U would require the action of an

anisotropic surface energy, as we would in any case expect.

3. For uncurved cross-sections, there must be a gradient

of growth velocity from the centerline of the section

outward to the edges, since the concentration of solute in the

melt increases along that trajectory. This condition would be

aggravated for S-sections. This gradient indicates that the

edges of the lath outrace the centerline. The situation would

appear as sketched in Fig. 8. As the concavity fills in during

growth, there would be opportunity for the two ‘wings’ of

the growth front to overlap, creating giant screw dislo-

cations, as observed some time ago by Reneker and Geil

[51]. This could account for the queues of such screw

dislocations suggested by Bassett and Hodge [11].

4. As mentioned earlier, the analytical scheme given

above should not be confined to concentration fields.

Indeed, it is expected that stress fields resulting from the

step-change in density as the melt transforms to solid will

give rise to similar results. In this case, the crystal twists to

move portions of the growth face to regions of lower stress

in the melt. It would be useful to carry out such a simulation,

but this is beyond the scope of the present work.

5. The analysis was performed for a single lathlike

crystal. This may be appropriate for some systems, in which

Fig. 7. Sketch of S, shaped growth surface in a twisting crystal. Shown also

are the original shape and position of the growth surface and its field

contours in the melt.

Fig. 8. Sketch of the effect of the lateral velocity gradient on the shape of the

growth surface of the crystal.
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the growth of primary lamellae is followed later by more

general filling in of the consequent skeletal growth front.

However, it is possible that in some situations, the primary

extension of the growth front may occur by stacks, or

bundles, of thin crystals. The analysis for this case would

proceed just as in the present case, with a new set of cross-

section dimensions and a more complex elastic analysis.

6. A growing lath could also use bending about the y-axis

(the widthwise axis) as a means to encounter lower field

values. Eventually such misdirected growth would encoun-

ter adjacent growing crystals (or their fields) and would

either halt or be redirected radially. Although the literature

shows many high-resolution micrographs of spherulite fine

structure, for several polymer systems, it is not clear

whether or not such bending takes place. The classical

electron micrographs of Eppe et al. [52], and of Bassett and

Hodge ([11; Fig. 7]) show apparent changes of direction,

ending in termination of lamellae. However, it is not evident

whether these apparent directional changes represent actual

bending or if they are artifacts of width or observation

direction changes.

5. Summary

A conceptual model is proposed, whereby a lathlike

crystal (or bundle of crystals) twists so as to move portions

of the growth face into regions of lower field magnitude.

This action accelerates the crystal growth velocity and

should occur spontaneously. The twisting is opposed by

elastic strain within the crystal. The situation has been

modeled for a compositional field for the situation in which

a component which cannot crystallize is excluded from the

growing crystal. The diffusion of this solute in front of a

twisting crystal has been computed, based on extension of a

moving point source analysis. The composition in the melt

at the growth face is then used to define the growth velocity

of the crystal. The effect of lattice strain also enters the

growth velocity expression as a decrease in the melting

point, and hence a lowering of the undercooling. The model

has been used to simulate the crystal growth in a crystal-

lizable/uncrystallizable polyethylene blend. The results are

quantitatively and qualitatively consistent with experimen-

tally observed behavior. A gradient of growth velocity

across the width of the growth face could result in both the

observed S-shaped lamellae and would provide a reentrant

growth-face concavity, the latter possibly leading to

formation of a giant screw dislocation.

References

[1] Bernauer F. Gedrillte kristalle. Berlin: Borntraeger; 1929.

[2] Keith HD, Padden Jr. FJ. J Polym Sci 1961;51:S4.

[3] Keith HD, Padden Jr. FJ. J Polym Sci 1959;39:101.

[4] Keith HD, Padden Jr. FJ. J Polym Sci 1959;39:123.

[5] Price FP. J Polym Sci 1959;39:139.

[6] Keller A. J Polym Sci 1959;39:151.

[7] Lehmann O. Molekularphysik Bd.I. Leipzig: Wilhelm Engelmann;

1988.

[8] Yoffe VS. Uspekhi Khimii 1944;13:144.

[9] Hoffman JD, Lauritzen Jr. JI. J Res Nat Bur Stand (US) 1961;65A:

297.

[10] Bassett DC, Hodge AM. Polymer 1978;469–72.

[11] Bassett DC, Hodge AM. Proc R Soc Lond 1981;A377:61.

[12] Bassett DC. In: Dosière M, editor. Crystallization of polymers.

Dordrecht, The Netherlands: Kluber; 1993. p. 107.

[13] Bassett DC. Phil Trans R Soc Lond A 1994;348:29.

[14] Lotz B, Thierry A, Schneider S. C R Acad Sci 1998;1:609. t 1, Ser Iic.

[15] Keith HD, Padden Jr. FJ. Polymer 1984;25:28.

[16] Keith HD, Padden Jr. FJ. Macromolecules 1996;29:7776.

[17] Keith HD. Polymer 2001;42:9987.

[18] Bassett DC, Olley RH, Sutton SJ, Vaughan AS. Macromolecules

1996;29:1852.

[19] Abo el Maaty MI, Hosier IL, Bassett DC. Macromolecules 1998;31:

153.

[20] Abo el Maaty MI, Bassett DC. Polymer 2001;42:4957.

[21] Keith HD, Padden Jr. FJ, Lotz B, Wittmann JC. Macromolecules

1989;22:2230.

[22] Eshelby JD. J Appl Phys 1953;24:176.

[23] Schultz JM, Kinloch DR. Polymer 1969;10:271.

[24] Tiller WA. The science of crystallization: macroscopic phenomena

and defect generation. Cambridge, UK: Cambridge University Press;

1991.

[25] Abo el Maaty M, Bassett DC. Polymer 2000;41:9169.

[26] Schultz JM. Polymer crystallization. Oxford, UK: Oxford University

Press; 2001. Chapter 10.

[27] Keith HD, Padden Jr. FJ. J Appl Phys 1963;34:2409.

[28] Keith HD, Padden Jr. FJ. J Appl Phys 1964;35:1270.

[29] Keith HD, Padden Jr. FJ. J Appl Phys 1964;35:1286.

[30] Keith HD, Padden Jr. FJ. Polymer 1986;27:1464.

[31] Keith HD, Padden Jr. FJ. J Polym Sci, Polym Phys Ed 1987;25:229.

[32] Keith HD, Padden Jr. FJ. J Polym Sci, Polym Phys Ed 1987;25:2265.

[33] Calvert PD. J Polym Sci, Polym Lett Ed 1983;21:467.

[34] Ben-Jacob E, Deutscher G, Garik P, Goldenfeld ND, Lareah Y. Phys

Rev Lett 1986;57:1903.

[35] Goldenfeld N. J Cryst Growth 1987;84:601.

[36] Schultz JM. Polymer 1991;32:3268.

[37] Kit K, Schultz JM. J Polym Sci, Polym Phys Ed 1998;36:873.

[38] Balijepalli S, Schultz JM. Macromolecules 1996;29:2095.

[39] Kit K. PhD Dissertation. University of Delaware, 1996.

[40] Kit K. Polymer 1998;39:4969.

[41] Bénard A, Advani SG, Schultz JM. J Polym Sci, Polym Phys Ed 1996;

34:471.

[42] Luke JH, Schultz JM, Shine AD. Bull Am Phys Soc 2000;45:784.

[43] Keller A, Sawada S. Makromol Chem 1964;74:190.

[44] Bischel MS. PhD Dissertation. University of Delaware, 1997.

[45] Wang Z, An L, Jiang W, Jiang B, Wang X. J Polym Sci, Polym Phys

Ed 1999;37:2682.

[46] Hoffman JD, Davis GT, Lauritzen Jr.JI. In: Hannay MB, editor.

Treatise on solid state chemistry: crystalline and noncrystalline solids.

New York: Plenum Press; 1976.

[47] Carslaw HS, Jaeger JC. Conduction of heat in solids. Oxford, UK:

Oxford University Press; 1959. Chapter 10.

[48] Wang C-T. Applied elasticity. New York: McGraw-Hil; 1953. p. 77–

90.

[49] McCullough RL. In: Schultz JM, editor. Treatise on materials science

and technology. Properties of solid polymeric materials, vol. 10B.;

1977. p. 453.

[50] Tirrell M. Rubber Chem Tech 1984;57:523.

[51] Reneker DH, Geil PH. J Appl Phys 1960;31:1916.

[52] Eppe R, Fischer EW, Stuart HA. J Polym Sci 1959;34:721.

J.M. Schultz / Polymer 44 (2003) 433–441 441


	Self-induced field model for crystal twisting in spherulites
	Introduction
	Background on twisted crystals
	Background on self-generated fields

	Analytical method
	Scheme of the analysis
	Concentration field about a crystallizing front of a lathlike crystal
	Stored elastic energy for a twisting lathlike crystal
	Implementation

	Results
	Discussion
	Summary
	References


